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The present work aims to determine the effective elastic moduli of a composite having a columnar micro-
structure and made of two cylindrically anisotropic phases perfectly bonded at their interface oscillating
quickly and periodically along the circular circumferential direction. To achieve this objective, a two-scale
homogenization method is elaborated. First, the micro-to-meso upscaling is carried out by applying an
asymptotic analysis, and the zone in which the interface oscillates is correspondingly homogenized as
an equivalent interphase whose elastic properties are analytically and exactly determined. Second, the
meso-to-macro upscaling is accomplished by using the composite cylinder assemblage model, and
closed-form solutions are derived for the effective elastic moduli of the composite. Two important cases
in which rough interfaces exhibit comb and saw-tooth proﬁles are studied in detail. The analytical results
given by the two-scale homogenization procedure are shown to agree well with the numerical ones pro-
vided by the ﬁnite element method and to verify the universal relations existing between the effective
elastic moduli of a two-phase columnar composite.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
An important class of composites, referred to as columnar com-
posites, have the microstructure such that their properties are
homogeneous along one direction but heterogeneous in its trans-
verse plane. Within the class of columnar composites fall, for
example, porous media with parallel cylindrical pores, ﬁbrous
composites consisting of a homogeneous matrix reinforced by
aligned parallel continuous homogeneous ﬁbers, or polycrystalline
aggregates formed of columnar monocrystals. The microstructure
of columnar composite is much more complicated than the one
of layered composites but simpler than that of particulate
composites.
Due to the practical importance and technological interest of
columnar composites, a great number of micromechanical models
have been proposed to determine the effective mechanical
properties of them and, in particular, those of ﬁber-reinforcedcomposites. These models include diluted, self-consistent, Mori–
Tanaka, differential, and Ponte Castaneda–Willis estimation
schemes. They equally comprise the generalized self-consistent
model (GSCM) initiated by Van der Poel (1958), improved by
Smith (1974, 1975) and completed by Christensen and Lo (1979).
It is also very useful to mention the composite cylinder assemblage
(CCA) model introduced ﬁrst by Hashin and Rosen (1964) and
recast then by Hashin (1972, 1979) on the basis of the concept of
neutral inclusions. All these micromechanical models providing
closed-form estimates or exact results for the effective properties
of columnar composites require using Eshelby’s solution for a
cylindrical inclusion of circular or elliptic cross-section in an inﬁ-
nite homogeneous medium (Eshelby, 1957; Eshelby, 1961) or the
solution for a cylindrical inhomogeneity of circular cross-section
coated concentrically by a circular cylindrical shell. For this reason,
once the interface between two phases of a columnar composite
can no longer be considered as smooth but rough, none of the
aforementioned micromechanical models is still valid.
In a variety of situations and for different reasons, the consider-
ation of rough surfaces and interfaces is unavoidable. More funda-
mentally, a surface or interface which is smooth at a given scale
turns out often to be rough at a smaller scale. In the physics and
mechanics of solids or ﬂuids, a great number of studies have been
dedicated to rough surfaces and interfaces (see, e.g., Zaki and
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Talbot et al., 1990; Belyaev et al., 1992, 1998; Abboud and
Ammari, 1996; Achdou et al., 1998; Bao and Bonnetier, 2001;
Singh and Tomar, 2007, 2008). Two approaches have been pro-
posed for the investigation of rough interfaces. When the ampli-
tude of the roughness of a rough interface is much smaller than
its wavelength (or period), the approach based on an appropriate
perturbation technique is employed (see e.g., Sato et al., 2012
and the relevant references cited therein). If the wavelength is
much smaller than the amplitude, the homogenization approach
is justiﬁed and efﬁcient (see, e.g., Kohler et al., 1981; Brizzi, 1994).
The present work addresses the problem of determining the
effective elastic moduli of a columnar composite made of two
cylindrically orthotropic phases between which the circular cylin-
drical interface oscillates quickly and periodically along the circu-
lar circumferential direction. To solve this problem, a two-scale
homogenization method is developed. First, performing the
micro-to-meso upscaling by an asymptotic analysis, the zone in
which the interface undulates is homogenized as an equivalent
interphase. Remarkably, the elastic properties of this interphase
can be analytically and exactly determined in a compact way. Sec-
ond, carrying out the meso-to-macro upscaling by using the com-
posite cylinder assemblage model, closed-form expressions are
derived for the effective elastic moduli of the composite which is
assumed to be transversely isotropic at the macroscopic scale.
Two rough interface conﬁgurations are investigated in details. In
the ﬁrst conﬁguration, the cross-section of the rough interface pre-
sents a comb proﬁle. The second conﬁguration corresponds to the
case where the cross-section of the rough interface exhibits a saw-
tooth proﬁle. The corresponding analytical results obtained by the
two-scale homogenization method are ﬁnally compared with the
numerical results provided by the ﬁnite element method and
checked against the universal relations which must be veriﬁed by
the effective elastic moduli of a two-phase columnar composite.
The comparison and check made conﬁrm the validity of the pro-
posed method.
The paper is organized as follows. In Section 2, the setting of the
problem under investigation is speciﬁed. In particular, the local
governing equations, the description of the rough interface and
the ﬁnal macroscopic constitutive equation are given. Section 3 is
dedicated to carrying out an asymptotic analysis so as to homoge-
nize a rough interface zone as an equivalent interphase which may
be still heterogeneous along the radial direction but becomes
homogeneous on the cylindrical surface normal to the radial direc-
tion. In particular, we prove that the elastic moduli of the equiva-
lent interphase correspond to those obtained by the
homogenization of a layered composite whose layering direction
coincides with the undulation one. In Section 4, the effective elastic
moduli of the composite under consideration are exactly deter-
mined by using the composite cylinder assemblage model for the
resulting matrix/interphase/ﬁber composite. In Section 5, the
derived analytical results are compared with the corresponding
numerical results obtained by the ﬁnite element method and
checked with respect to the universal relations existing between
the effective elastic moduli. Finally, a few concluding remarks are
given in Section 6.2. Local governing relations and rough interfaces
In a three-dimensional Euclidean space R3, consider a compos-
ite material consisting of two phases and exhibiting a columnar
microstructure. The two constituent phases of the composite under
consideration are assumed to be linearly elastic, cylindrically
anisotropic and perfectly bonded together across their interface.
More precisely, relative to the cylindrical coordinate system (r, h,z) associated with a cylindrical orthonormal basis fer ; eh; ezg with
the unit vector ez orientated along the cylinder axis, the compo-
nents rij of the Cauchy stress tensor r are related to the compo-
nents eij of the inﬁnitesimal strain tensor e by
rij ¼ Lijpqepq; ð1Þ
where Lijpq are the components of the fourth-order elastic stiffness
tensor L and have the usual symmetries Lijpq ¼ Ljipq ¼ Lpqij. By
hypothesis, the phases are cylindrically anisotropic, so that all the
elastic moduli Lijpq are independent of the cylindrical coordinates
ðr; h; zÞ. In other words, the phases are cylindrically homogeneous
but heterogeneous with respect to the Cartesian coordinates
ðx; y; zÞ associated with an orthonormal basis fex; ey; ezg.
In the cylindrical coordinate system, using the two-to-one sub-
script identiﬁcation rr  1; hh  2; zz  3; hz  4; zr  5 et
rh  6, the cylindrically anisotropic elastic law (1) can be written
in the following matrix form:
r1
r2
r3ﬃﬃﬃ
2
p
r4ﬃﬃﬃ
2
p
r5ﬃﬃﬃ
2
p
r6
2
666666664
3
777777775
¼
L11 L12 L13 0 0 0
L12 L22 L23 0 0 0
L13 L23 L33 0 0 0
0 0 0 2L44 0 0
0 0 0 0 2L55 0
0 0 0 0 0 2L66
2
666666664
3
777777775
e1
e2
e3ﬃﬃﬃ
2
p
e4ﬃﬃﬃ
2
p
e5ﬃﬃﬃ
2
p
e6
2
666666664
3
777777775
: ð2Þ
In this work, we are interested in the case where each phase
belongs to one of the isotropic, cubic, transversely isotropic, tetrag-
onal and orthotropic symmetric classes. These ﬁve symmetry clas-
ses under consideration are now speciﬁed as follows: (i) if
L11; L22; L33; L12; L13; L23; L44; L55 and L66 are independent, the
constitutive law (2) is cylindrically orthotropic; (ii) when
L11; L33; L12; L13; L44 and L66 are independent, L11 ¼ L22; L13 ¼ L23
and L44 ¼ L55, the relation (2) becomes cylindrically tetragonal;
(iii) in the case where L11; L33; L12; L13 and L44 are independent,
L11 ¼ L22; L13 ¼ L23; L44 ¼ L55 and L66 ¼ 12 ðL11  L12Þ, Eq. (2) is of
cylindrically transverse isotropy; (iv) if L11; L12 and L44 are indepen-
dent but L11 ¼ L22 ¼ L33 and L23 ¼ L12 ¼ L13; L44 ¼ L55 ¼ L66, the
material described by (2) is cylindrically cubic; (v) lastly, when
L11 and L12 are independent, L11 ¼ L22 ¼ L33; L23 ¼ L12 ¼
L13; L44 ¼ L55 ¼ L66 ¼ 12 ðL11  L12Þ, then the material characterized
by (2) is isotropic.
In the cylindrical coordinates, the components of the inﬁnitesi-
mal strain tensor e are related to the displacement ﬁeld
u ¼ ður ;uh;uzÞ by
e1 ¼ ur;r ; e2 ¼ 1r uh;h þ urð Þ; e3 ¼ uz;z; e4 ¼
1
2
uh;z þ 1r uz;h
 
;
e5 ¼ 12 ur;z þ uz;rð Þ; e6 ¼
1
2
uh;r þ 1r ur;h 
1
r
uh
 
: ð3Þ
The Cauchy stress tensor ﬁeld r must verify the following
motion equations:
r  rþ b ¼ q€u ð4Þ
where b ¼ ðbr; bh; bzÞT is the body force vector, q is the volumic mass
density and a superposed dot denotes the differentiation with
respect to the time t.
Next, by substituting (1) into (4) and by taking into account (3),
the motion equation (4) can be rewritten in the following compact
form
CðpkÞu;k
 
;p
þ 1
r
Cð1kÞu;k þ b ¼ q€u; ð5Þ
where
ðÞ;1 ¼ ðÞ;r ; ðÞ;2 ¼
1
r
ðÞ;h; ðÞ;3 ¼ ðÞ;z ð6Þ
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ponents CðpkÞij are given by
CðpkÞij ¼ Lipjk: ð7Þ
In this work, the interface C between two constituent phases is
assumed to be perfect and periodically corrugated along the cir-
cumferential direction eh. More precisely, relative to the cylindrical
coordinate system ðr; h; zÞ, the interface can is deﬁned by
r ¼ hðyÞ; y ¼ h=; ð8Þ
where hðyÞ is a periodic function of period , whose minimum and
maximum values are hmin and hmax (see Fig. 1). In addition, for a
given value r 2 ðhmin; hmaxÞ, equation hðyÞ ¼ r is assumed to have
two and only two real roots in the interval ð0; Þ. The period  of
hðyÞ is assumed to be very small with respect to the undulation
amplitude, i.e.,  hmax  hmin, so that the interface is said to be
very rough. Since the interface is perfect, both the displacement
and stress vector ﬁelds are continuous across it:
sut ¼ 0 and sCðpkÞu;knpt ¼ 0; ð9Þ
where s  t ¼ ð2Þ  ð1Þ denotes the jump of  and np stands for the
components of the outward normal vector n of the interface C
(Fig. 1).
At the macroscopic scale, the composite is assumed to be statis-
tically transversely isotropic with respect to the cylinder axis
deﬁned by ez. Using the moduli of Hill (1964) given by
k ¼ 1
2
ðL11 þ L12Þ; m ¼
1
2
ðL11  L12Þ; n ¼ L33;
l ¼ L13 ¼ L23; G ¼ L44 ¼ L55; ð10Þ
where Lij are the components of the effective stiffness matrix L
 rel-
ative to the cylindrical coordinate system, the macroscopic elastic
law takes the form:Fig. 1. The interface C is periodically rough along the circumferential direction eh .
Fig. 2. The composite cylinder with periodically rour1
r2
r3ﬃﬃﬃ
2
p
r4ﬃﬃﬃ
2
p
r5ﬃﬃﬃ
2
p
r6
2
666666664
3
777777775
¼
k þm k m l 0 0 0
k m k þm l 0 0 0
l l n 0 0 0
0 0 0 2G 0 0
0 0 0 0 2G 0
0 0 0 0 0 2m
2
666666664
3
777777775
e1
e2
e3ﬃﬃﬃ
2
p
e4ﬃﬃﬃ
2
p
e5ﬃﬃﬃ
2
p
e6
2
666666664
3
777777775
:
ð11Þ
Here, overbar denotes the volume average over a representative
volume element; k and m represent the effective transverse bulk
and shear moduli; G stands for the effective axial shear modulus,
and n and l are the effective longitudinal and transverse rigidities.
3. Homogenization of the rough interface zone
As the ﬁrst step toward elaborating a two-scale homogenization
approach, this section is dedicated to homogenizing as an equiva-
lent interphase the zone in which the interface C between two
constituent phases oscillates periodically between two cylindrical
surfaces and along the circumferential direction eh.
Consider a composite cylinder x with the lateral surface
(r ¼ R3) denoted by @xs and the two transverse cross sections des-
ignated by @xt (Fig. 2). This composite cylinder is formed of a core
and a coating. The core, referred to as phase 1, and the coating,
called phase 2, consist of two cylindrically anisotropic materials
deﬁned by the constitutive law (2). The interface C between the
core and coating is characterize by (8) with hðyÞ being a periodic
function of period  whose minimum and maximum values are
hmin ¼ R1 and hmax ¼ R2. Let the composite cylinder x undergo
either of the uniform axisymmetric boundary condition, i.e.,
trðxÞ ¼ thðxÞ ¼ 0; uzðxÞ ¼ eAz; x 2 @xt ;
urðxÞ ¼ eTr; uhðxÞ ¼ 0; uzðxÞ ¼ eAz; x 2 @xs ð12Þ
or the axial shear boundary condition, namely
urðxÞ¼ c0zcos h; uhðxÞ¼c0 sin h; tzðxÞ¼0; x2 @xt;
urðxÞ¼ c0zcos h; uhðxÞ¼c0 sin h; uzðxÞ¼ c0rcos h; x2 @xs: ð13Þ
Above, eT and eA are, respectively, transverse and longitudinal con-
stant strains, and c0 is a shear constant strain.
For later use, we denote by xðcÞ the rough interface zone char-
acterized by
xðcÞ ¼ x ¼ ðr; h; zÞ 2 x j R1 < r < R2f g ð14Þ
and by pðrÞ the cylindrical surface deﬁned by
pðrÞ ¼ x ¼ ðr; h; zÞ 2 xðcÞ j r ¼ R; R1 < R < R2
 
: ð15Þgh interface C between two constituent phases.
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zone
In an attempt to determine the effective elastic stiffness tensor
LðcÞðrÞ of the rough interface zone xðcÞ with r 2 ðR1;R2Þ, we ﬁrst
observe that for a given value r 2 ðR1;R2Þ, the plane pðrÞ deﬁned
by (15) exhibits a two-phase cylindrical layered microstructure
with the layering direction coinciding with the circumferential
direction eh. Starting from this observation, we make the following
conjecture on the effective elastic stiffness tensor LðcÞðrÞ of the
rough interface zone:
Under the condition that the interface C is very rough, i.e.,
 R2  R1, the effective elastic stiffness tensor LðcÞðrÞ of the rough
interface zone for a given value r 2 ðR1;R2Þ would be equal to that of
the two-phase layeredmaterialwhosemicrostructure is deﬁnedbypðrÞ.
By applying the analytical approach presented by Norris (1990)
and He and Feng (2012) (see also Postma, 1955; Backus, 1962;
Chou et al., 1972; Pagano, 1974; Dumontet, 1982; Milton, 2002)
to determine the effective elastic stiffness tensor of a layered mate-
rial, we obtain the components LðcÞipjkðrÞ of LðcÞðrÞ via the components
CðkpÞij ðrÞ of CðkpÞðrÞ:
LðcÞipjkðrÞ ¼ CðkpÞij ðrÞ: ð16Þ
Precisely, the matrices CðkpÞðrÞ are given by
Cð22ÞðrÞ ¼ ½Cð22Þ	1
D E1
p
; Cð33ÞðrÞ ¼ Cð33Þ  Cð32Þ½Cð22Þ	1Cð23Þ
D E
p
þ Cð32Þ½Cð22Þ	1
D E
p
½Cð22Þ	1
D E1
p
½Cð22Þ	1Cð23Þ
D E
p
; Cð11ÞðrÞ
¼ Cð11Þ  Cð12Þ½Cð22Þ	1Cð21Þ
D E
p
þ Cð12Þ½Cð22Þ	1
D E
p
½Cð22Þ	1
D E1
p
½Cð22Þ	1Cð21Þ
D E
p
; Cð23ÞðrÞ ¼ ðCð32ÞÞTðrÞ
¼ ½Cð22Þ	1
D E1
p
½Cð22Þ	1Cð23Þ
D E
p
; Cð21ÞðrÞ ¼ ðCð12ÞÞTðrÞ
¼ ½Cð22Þ	1
D E1
p
½Cð22Þ	1Cð21Þ
D E
p
; Cð31ÞðrÞ ¼ ðCð13ÞÞTðrÞ
¼ Cð31Þ  Cð32Þ½Cð22Þ	1Cð21Þ
D E
p
þ Cð32Þ½Cð22Þ	1
D E
p
½Cð22Þ	1
D E1
p
½Cð22Þ	1Cð21Þ
D E
p
: ð17Þ
Above, the bracket hip denotes the average on the cylindrical sur-
face pðrÞ along the circumferential direction eh:
hip ¼ c1ðrÞð1Þ þ c2ðrÞð2Þ ð18Þ(a) (b
Fig. 3. The rough interface C with: (a) cwith c1ðrÞ and c2ðrÞ being the area fractions of the domains occu-
pied by phases 1 and 2 on the cylindrical surface pðrÞ.
Note that the effective elastic tensor LðcÞðrÞ given by (16)
together with (17)–(18) is also cylindrically anisotropic elastic
behaviour that is also described by (2). In addition, it is homoge-
neous along the directions eh and ez but in general heterogeneous
along the radial direction er . The effective elastic tensor LðcÞðrÞ
speciﬁed by (17) in the cylindrical coordinate system can be con-
sidered as an extension of the ones obtained by Vinh and Tung
(2010a, 2011) and Le Quang et al. (2013) in the Cartesian coordi-
nate system.
In particular, we are interested in two cases:
(i) in the ﬁrst case, the interface C between two phases has a
comb proﬁle (see Fig. 3(a)). Since the area fractions c1 and
c2 of phases 1 and 2 are independent of the radius r, it can
be shown from Eq. (16) together with Eqs. (17)–(18) that
the homogenized rough interface zone is homogeneous not
only along the directions eh and ez but also along the direc-
tion er ,
(ii) in the second case, the interface C between two phases
exhibits a saw-tooth proﬁle (Fig. 3(b)) and the constituent
phases forming x are assumed to be all individually homo-
geneous and isotropic, so that the elastic stiffness tensor LðaÞ
is given by)
omb prLðaÞ ¼ ð3ka þ 2laÞJþ 2laK: ð19Þ
Above and hereafter, a ð¼ 1;2Þ denotes quantities related to the
phase a; ka and la are Lame’s constants of phase a; J ¼ 13 I
 I
andK ¼ I Jwith I and I being the second- and fourth-order iden-
tity tensors, respectively. By applying formulae (16) and (17), we
obtain the following expressions for the non-zero components of
LðcÞðrÞ:
LðcÞ2222ðrÞ ¼ 1= kþ 2lð Þh i1p ;
LðcÞ1111ðrÞ ¼ LðcÞ3333ðrÞ ¼ 4l kþ lð Þ= kþ 2lð Þh ip
þ 1= kþ 2lð Þh i1p k= kþ 2lð Þh i2p;
LðcÞ2323ðrÞ ¼ LðcÞ1212ðrÞ ¼ 1=lh i1p ; LðcÞ1313ðrÞ ¼ lh ip;
LðcÞ1122ðrÞ ¼ LðcÞ2233ðrÞ ¼ k= kþ 2lð Þh ip 1= kþ 2lð Þh i1p ;
LðcÞ1133ðrÞ ¼ 2lk= kþ 2lð Þh ip þ 1= kþ 2lð Þh i1p k= kþ 2lð Þh i2p: ð20Þ
Here, the average hip on the cylindrical surface pðrÞ is deﬁned by
(18) with c1ðrÞ and c2ðrÞ given byoﬁle; (b) saw-tooth proﬁle.
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with d ¼ R2  R1 being the thickness of the rough interface zone
xðcÞ.
3.2. Asymptotic analysis and proof that the conjecture is true
Consider the rough interface zone xðcÞ deﬁned by (14). To
homogenize it along the circumferential direction eh and deter-
mine its effective elastic stiffness tensor LðcÞðrÞ, we apply the
method of asymptotic analysis (see, e.g., Bensoussan et al., 1978;
Sanchez-Palencia, 1980; Bakhvalov and Panasenko, 1989; Zhikov
et al., 1994; Person et al., 1993; Pinho-da-Cruz et al., 2009).
First, a new variable y ¼ h=, called the microscopic or fast var-
iable and associated to a unit cell Y, is introduced. Consequently,
the displacement ﬁeld becomes a function of both the macroscopic
(or slow) space variables r; h; z and the microscopic space variable y
in addition to the time variable t:
uðr; h; z; tÞ ¼ uðr; h; z; y; tÞ: ð22Þ
Next, the displacement vector ﬁeld uðr; h; z; y; tÞ is expressed in the
asymptotic expansion form as follows (see, e. g. Vinh and Tung,
2010b, 2011; Le Quang et al., 2013):
uðr; h; z; y; tÞ ¼ Uþ  Að1ÞUþ Að11ÞU;1 þ Að12ÞU;2 þ Að13ÞU;3
 
þ 2 Að2ÞUþ Að21ÞU;1 þ Að22ÞU;2 þ Að23ÞU;3

þAð213ÞU;13 þ Að223ÞU;23 þ Að212ÞU;12 þ Að211ÞU;11
þAð222ÞU;22 þ Að233ÞU;33

þ Oð3Þ: ð23Þ
In this expression, U ¼ Uðr; h; z; tÞ is a function independent of the
microscopic variable y that corresponds therefore to the overall dis-
placement ﬁled of the material at the macroscopic scale; the symbol
;i with i ¼ 1;2;3 is deﬁned in (6); AðÞ ¼ AðÞðy; r; zÞ are the 3 3
localization matrices whose components are functions only of y; r
and z and to be determined from the motion Eq. (5) and the conti-
nuity conditions (9) of the displacement and stress vectors across
the interface C. Note that C is characterized by the function
r ¼ hðyÞ with y ¼ h=, periodic in y of period 1. In the cylindrical
coordinates, the outward unit normal to C denoted by n is given by
n ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2h2;y
q ½1;1h;y;0	 ð24Þ
with ;y ¼ ð1=rÞ@  =@y. Since y ¼ h=, it follows that
u;1 ¼ u;1; u;2 ¼ u;2 þ 1u;y; u;3 ¼ u;3: ð25Þ
By substituting (22) together with (23) and (25) into (5) and (9), and
by setting the coefﬁcient associated with 1 to be equal to zero, we
obtain the following equations governing Að1Þ; Að11Þ; Að12Þ and Að13Þ:
Cð22ÞAð1Þ;y
h i
;y
¼ 0; Cð22ÞðIþ Að11Þ;y Þ
h i
;y
¼ 0;
Cð22ÞAð12Þ;y þ Cð23Þ
h i
;y
¼ 0; Cð22ÞAð13Þ;y þ Cð21Þ
h i
;y
¼ 0; ð26Þ
provided y – y1; y– y2 and 0 < y < 1, and
sCð22ÞAð1Þ;y t ¼ 0; sAð1Þt ¼ 0; Að1Þjy¼0 ¼ Að1Þjy¼1;
sCð22ÞðIþ Að11Þ;y Þt ¼ 0; sAð11Þt ¼ 0; Að11Þjy¼0 ¼ Að11Þjy¼1;
sCð22ÞAð12Þ;y þ Cð23Þt ¼ 0; sAð12Þt ¼ 0; Að12Þjy¼0 ¼ Að12Þjy¼1;
sCð22ÞAð13Þ;y þ Cð21Þt ¼ 0; sAð13Þt ¼ 0; Að13Þjy¼0 ¼ Að13Þjy¼1: ð27Þ
Above and hereafter, y1 and y2 with 0 < y1 < y2 < 1 denote the two
real roots of the equation hðyÞ ¼ r with r 2 ðR1;R2Þ. Using (26) and(27), the following expressions for Að1Þ;y ; A
ð11Þ
;y ; A
ð12Þ
;y and A
ð13Þ
;y are
chosen:
Að1Þ;y ðrÞ ¼ 0;
Að11Þ;y ðrÞ ¼ ½Cð22Þ	
1 ½Cð22Þ	1
D E1
Y
 I;
Að12Þ;y ðrÞ ¼ ½Cð22Þ	
1 ½Cð22Þ	1
D E1
Y
½Cð22Þ	1Cð23Þ
D E
Y
 Cð23Þ
	 

;
Að13Þ;y ðrÞ ¼ ½Cð22Þ	
1 ½Cð22Þ	1
D E1
Y
½Cð22Þ	1Cð21Þ
D E
Y
 Cð21Þ
	 

: ð28Þ
Because r ¼ hðyÞ is Y-periodic with period 1, the average hip in (18)
reduces to the average over a unit cell Y denoted by hiY in (28) and
deﬁned by
hiY ¼
Z 1
0
 dy ¼ ð1 y2 þ y1Þð1Þ þ ðy2  y1Þð2Þ: ð29Þ
Further, introducing (22) with (23) and (25) into the motion Eq. (5)
and requiring the coefﬁcients relative to 0 to equal zero, it follows
that
Cð22ÞAð2Þ;y þ Cð23ÞAð1Þ;3 þ Cð21ÞAð1Þ;1
h i
;y
Uþ Cð22ÞðAð1Þ þ Að21Þ;y Þ þ Cð23ÞAð11Þ;3
h
þCð21ÞAð11Þ;1
i
;y
U;2 þ Cð22ÞAð22Þ;y þ Cð23Þ Að1Þ þ Að12Þ;3
 
þ Cð21ÞAð12Þ;1
h i
;y
U;3 þ Cð22ÞAð23Þ;y þ Cð21Þ Að1Þ þ Að13Þ;1
 
þ Cð23ÞAð13Þ;3
h i
;y
U;1
þ Cð22Þ Að11Þ þ Að211Þ;y
 h i
;y
þ Cð22Þ Iþ Að11Þ;y
  
U;22
þ Cð22Þ Að13Þ þ Að213Þ;y
 
þ Cð21ÞAð11Þ
h i
;y
þ Cð22ÞAð13Þ;y þ Cð21Þ
 
U;21
þ Cð22Þ Að12Þ þ Að212Þ;y
 
þ Cð23ÞAð11Þ
h i
;y
þ Cð22ÞAð12Þ;y þ Cð23Þ
 
U;23
þ Cð22ÞAð223Þ;y þ Cð23ÞAð13Þ þ Cð21ÞAð12Þ
h i
;y
þ Cð31Þ
 
U;31
þ Cð22ÞAð222Þ;y þ Cð23ÞAð12Þ
h i
;y
þ Cð33Þ
 
U;33 þ Cð13ÞU;3
h i
;1
þ Cð32Þ Iþ Að11Þ;y
 
U;2 þ Cð32ÞAð12Þ;y U;3 þ Cð32ÞAð13Þ;y U;1
h i
;3
þ Cð12Þ Iþ Að11Þ;y
 
U;2 þ Cð12ÞAð13Þ;y U;1 þ Cð12ÞAð12Þ;y U;3
h i
;1
þ Cð22ÞAð233Þ;y þ Cð21ÞAð13Þ
h i
;y
U;11 þ Cð11ÞU;1
h i
;1
þ b q€U ¼ 0: ð30Þ
In order to verify the continuity conditions (9), we choose the
matrices Að2Þ; Að21Þ; Að22Þ; Að23Þ; Að211Þ; Að222Þ; Að233Þ; Að213Þ; Að223Þ
and Að212Þ such that their components are Y-periodic and continuous
at y ¼ y1 and y ¼ y2. The corresponding continuity conditions
obtained by substituting (22), (23) and (25) into (9) and by demand-
ing the coefﬁcients associated with 0 to be zero have the
expressions
sCð22ÞAð2Þ;y þ Cð23ÞAð1Þ;3 þ Cð21ÞAð1Þ;1 t ¼ 0;
sCð22ÞðAð12Þ þ Að212Þ;y Þ þ Cð23ÞAð11Þt ¼ 0;
sCð22ÞAð223Þ;y þ Cð23ÞAð13Þ þ Cð21ÞAð12Þt ¼ 0;
h;ysC
ð22ÞðAð1Þ þ Að21Þ;y Þ þ Cð23ÞAð11Þ;3 þ Cð21ÞAð11Þ;1 t ¼ Cð12ÞðIþ Að11Þ;y Þ;
h;ysC
ð22ÞAð22Þ;y þ Cð23ÞðAð1Þ þ Að12Þ;3 Þ þ Cð21ÞAð12Þ;1 t ¼ Cð12ÞAð12Þ;y þ Cð13Þ;
h;ysC
ð22ÞAð23Þ;y þ Cð21ÞðAð1Þ þ Að13Þ;1 Þ þ Cð23ÞAð13Þ;3 t ¼ Cð12ÞAð13Þ;y þ Cð11Þ;
sCð22Þ½Að11Þ þ Að211Þ;y t ¼ 0; sCð22ÞðAð13Þ þ Að213Þ;y Þ þ Cð21ÞAð11Þt ¼ 0;
sCð22ÞAð222Þ;y þ Cð23ÞAð12Þt ¼ 0; sCð22ÞAð233Þ;y þ Cð21ÞAð13Þt ¼ 0: ð31Þ
The average on Y of (30) leads to
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þ Cð13ÞU;3
 
;1 þ Cð12ÞU;2
 
;1 þ Cð11ÞU;1
 
;1 þ b ¼ q€U ð32Þ
where
Cð22ÞðrÞ ¼ Cð22ÞðIþ Að11Þ;y Þ
D E
Y
; Cð21ÞðrÞ ¼ Cð22ÞAð13Þ;y þ Cð21Þ
D E
Y
;
Cð23ÞðrÞ ¼ Cð22ÞAð12Þ;y þ Cð23Þ
D E
Y
; Cð32ÞðrÞ ¼ Cð32ÞðIþ Að11Þ;y Þ
D E
Y
;
Cð12ÞðrÞ ¼ Cð12ÞðIþ Að11Þ;y Þ
D E
Y
; Cð31ÞðrÞ ¼ Cð32ÞAð13Þ;y þ Cð31Þ
D E
Y
;
Cð13ÞðrÞ ¼ Cð12ÞAð12Þ;y þ Cð13Þ
D E
Y
; Cð33ÞðrÞ ¼ Cð32ÞAð23Þ;y þ Cð33Þ
D E
Y
;
Cð11ÞðrÞ ¼ Cð12ÞAð13Þ;y þ Cð11Þ
D E
Y
; ð33Þ
b ¼ bh iY ; q ¼ qh iY : ð34Þ
In fact, (32) is the homogenized macroscopic equation of motion. By
substituting (28) into (33), we obtain (17). Similarly to the local
elastic stiffness tensor, the components LðcÞipjkðrÞ of the effective elas-
tic stiffness tensor LðcÞðrÞ of the rough interface zonexðcÞ are related
to the components CðpkÞij ðrÞ of CðpkÞðrÞ by (16).
For the ﬁnal proof that the conjecture stated in Section 3.1 is
true, it remains to demonstrate the following theorem:
Theorem 1. Let uðr; h; z; tÞ be the solution for the local displacement
vector ﬁeld of the boundary value problem characterized by (5), (9),
(12) or (13) and let uðr; h; z; tÞ take the asymptotic expansion form
(23) in the rough interface zone xðcÞ. If the interface C is very rough
and oscillates between the two cylindrical surfaces C1 and C2
characterized by r ¼ R1 and r ¼ R2, then (12) or (13) and the
following equations hold:
ðCðpkÞu;kÞ;p þ b ¼ q€u in x nxðcÞ; ð35Þ
ðCðpkÞU;kÞ;p þ b ¼ q€U in xðcÞ; ð36Þ
u ¼ U; Cð1kÞu;k ¼ Cð1kÞU;k on C1 et C2 ð37Þ
with CðhkÞ given by (17).Proof. Since the displacement vector ﬁeld uðr; h; z; tÞ is the solu-
tion of the boundary value problem deﬁned by (5), (9), (12) or
(13), the boundary condition (12) or (13) and the motion Eq. (5)
are automatically veriﬁed in x nxðcÞ. Moreover, by applying the
asymptotic analysis to the displacement vector in the rough inter-
face zone xðcÞ, it has been previously shown that (32), or equiva-
lently (36), is true. By substituting (23) together with (25) into
the continuity conditions (37) of the displacement and stressFig. 4. The composite cylinder assemblage in which the rough interfavector ﬁelds across the curved interfaces C1 and C2 and by setting
the coefﬁcients associated with 0 to be equal to zero, it can be
checked that (37) also holds. Thus, Theorem 1, which states that
the rough interface zone can be replaced by an equivalent inter-
phase with the effective elastic stiffness tensor LðcÞðrÞ given by
(16) together with (17), is proven. h
It is useful to note that:
(i) the above results for the effective elastic stiffness tensor
LðcÞðrÞ of the rough interface zone hold not only for two
cylindrically anisotropic constituent phases whose elastic
behavior is characterized by (2) but also for any cylindrically
anisotropic elastic constituent phases;
(ii) the materials constituting x are required to be homoge-
neous in the direction ez, but not necessarily in the radial
and angular directions er and eh. More precisely, the constit-
uent phases can be in general heterogeneous in the radial
direction er and periodically heterogeneous in the angular
direction eh;
(iii) the results derived in this section constitute an extension to
cylindrically anisotropic and heterogeneous phases of the
ones presented in Vinh and Tung (2010).
4. Micromechanical model and exact results
The composite cylindrical assemblage (CCA) model of Hashin
and Rosen (1964) has been generalized by Hashin (1990) and Le
Quang and He (2007) to accounting for cylindrical elastic anisot-
ropy. In this section, we shall construct a micromechanical model
which taking into account both the cylindrical elastic anisotropy
and the effects of the equivalent interphase resulting from the
homogenization of a rough interface zone.
For our purpose, we ﬁrst consider a cylindrical medium X with
the lateral surface denoted by S and the two transverse cross sec-
tions designated by T (Fig. 4). This cylinder consists of a linearly
elastic and transversely isotropic homogeneous material. Its elastic
behavior is characterized by the transverse bulk modulus ~k, the
transverse shear modulus ~m , the axial shear modulus ~G, the longi-
tudinal and transverse stiffness moduli ~n and ~l. In the cylindrical
coordinate system ðr; h; zÞ, let X be subjected to the same uniform
axisymmetric boundary condition as Eq. (12) on the lateral surface
S and transverse cross sections T. This loading gives rise to the fol-
lowing displacement, strain and stress in X:
urðxÞ ¼ eT r; uzðxÞ ¼ eAz; uhðxÞ ¼ 0; ð38Þce zones are replaced by equivalent layers of the same thickness.
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Next, we cut a circular cylinder out of X and substitute back a com-
posite cylinderx described in Section 3 (Fig. 4), while imposing the
same boundary condition on the transverse cross sections T and lat-
eral surfaces S ofX as before. The rough interface zonexðcÞ , referred
to as phase c, is replaced by an equivalent homogenized layer of the
same thickness d and the effective elastic tensor LðcÞðrÞ given by (16)
and (17). For later use, we deﬁne
t1 ¼ R
2
1
R23
; tc ¼ R
2
2  R21
R23
; t2 ¼ R
2
3  R22
R23
; ð41Þ
which correspond to the volume fractions of the core, inner and
outer layer coatings, respectively. Thus, the composite cylinder x
is characterized by the phase volume fractions t1; tc and t2.
Due to the presence of the composite cylinder, the cylindrical
medium X becomes heterogeneous. By deﬁnition, the composite
cylinder acts as a neutral inclusion if the presence of this compos-
ite cylinder does not change the original ﬁelds in the outside med-
ium. The question of ﬁnding the neutrality condition of the
composite cylinder amounts to the following one: for the axisym-
metric boundary condition (12) and given the material properties
of phases 1 and 2 as well as the geometric parameter t1; tc and
t2, what are the material properties, ~k; ~m; ~G; ~n and ~l, of the exter-
nal medium of the composite cylinder, such that the presence of
the composite cylinder does not perturb the original ﬁelds in the
outside medium? It will be shown in this section that for the axi-
symmetric boundary condition (12), the original ﬁelds are not
affected if and only if the transverse bulk modulus ~k and the trans-
verse rigidity ~l are appropriately related to the material properties
of phases 1 and 2 and to the geometrical parameters t1; tc and t2,
and the remaining material properties can be arbitrary.
For latter use, it is convenient to deﬁne the following material
parameters of phase i:
wi ¼ L
ðiÞ
13  LðiÞ23
LðiÞ22  LðiÞ11
; si ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
LðiÞ22
.
LðiÞ11
r
; ki ¼ 12 L
ðiÞ
12 þ siLðiÞ11
 
;
mi ¼ 12 ðsiL
ðiÞ
11  LðiÞ12Þ; li ¼wi LðiÞ11 þ LðiÞ12
 
þ LðiÞ13
#i ¼ 12 L
ðiÞ
22  siLðiÞ12
 
; /i ¼wi LðiÞ12 þ LðiÞ22
 
þ LðiÞ23; wi ¼
1
2
LðiÞ22 þ siLðiÞ12
 
;
si ¼ 12 L
ðiÞ
23 þ siLðiÞ13
 
; 1i ¼ LðiÞ23  siLðiÞ13; ni ¼wi LðiÞ13 þ LðiÞ23
 
þ LðiÞ33;
GðiÞr ¼ LðiÞ55; GðiÞh ¼ LðiÞ44; ii ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GðiÞh
.
GðiÞr
r
: ð42Þ
In this equation, i ð¼ 1; c;2Þ denotes quantities related to the core,
interface zone and outer coating, respectively. In general, the mate-
rial parameters ki; mi; ni and li given by (42) cannot be interpreted
as the transverse bulk modulus, transverse shear modulus, longitu-
dinal rigidity and transverse rigidity of phase i in the usual sense.
However in the particular case of a cylindrically tetragonal, cylindri-
cally transversely isotropic, cylindrically cubic or isotropic material,
we have si ¼ 1; wi ¼ 0 and ki; mi; ni and li correspond to the trans-
verse bulk modulus, transverse shear modulus, longitudinal rigidity
and transverse rigidity, respectively. It has been shown in Le Quang
and He (2007) that, under the positive deﬁniteness conditions of LðiÞ,
the two material parameters ki and mi deﬁned by (42) are real and
strictly positive.
Due to the geometric, material and boundary condition symme-
tries, the deformation of the composite cylinder is necessaryaxisymmetric. Correspondingly, the displacement ﬁeld of the com-
posite cylinder takes the following form
uðiÞðr; h; zÞ ¼ f ðiÞðrÞer þ eAzez; ð43Þ
where f ðiÞðrÞ is a scalar function. It has been proved in Le Quang and
He (2007) that the scalar functions f ð1ÞðrÞ and f ð2ÞðrÞ for the core
(phase 1) and outer layer (phase 2) of the composite cylinder take
the following general form
f ðaÞðrÞ ¼ aarsa þ barsa þwaeAr; ð44Þ
where a ¼ 1;2; aa and ba are unknown constants to be determined
from the boundary and interface conditions; sa and wa are speciﬁed
by Eq. (42). The corresponding expressions for the non-zero cylin-
drical displacement and stress ﬁelds in the core and outer layer of
the composite cylinder are given by
uðaÞr ¼ aarsa þ barsa þwaeAr; uðaÞz ¼ eAz; ð45Þ
rðaÞ1 ¼ 2aakarsa1  2bamarðsaþ1Þ þ laeA;
rðaÞ2 ¼ 2aawarsa1 þ 2ba#arðsaþ1Þ þ /aeA;
rðaÞ3 ¼ 2aasarsa1 þ ba1arðsaþ1Þ þ naeA; ð46Þ
where the material parameters ka; ma; la; wa; #a; /a; sa; 1a and
na are deﬁned as in Eq. (42). In the core of the composite cylinder,
because sa > 0, the requirement of ﬁniteness of the displacement at
r ¼ 0 leads to b1 ¼ 0.
For the interface zone (phase c), the scalar functions f ðcÞðrÞ in
(43) as well as the displacement and stress ﬁelds are determined
depending on which rough interface is adopted, and speciﬁed as
follows:
(i) When the rough interface is of comb-proﬁle, the effective
elastic tensor LðcÞ of the rough interface zone is cylindrically
homogeneous and anisotropic, the scalar function f ðcÞðrÞ, dis-
placement and stress ﬁelds in the rough interface zone take
the forms similar to (44)–(46):f ðcÞðrÞ ¼ acrsc þ bcrsc þwceAr; ð47Þ
uðcÞr ¼ acrsc þ bcrsc þwceAr; uðcÞz ¼ eAz; ð48Þ
rðcÞ1 ¼ 2ackcrsc1  2bcmcrðscþ1Þ þ lceA;
rðcÞ2 ¼ 2acwcrsc1 þ 2bc#crðscþ1Þ þ /ceA;
rðcÞ3 ¼ 2acscrsc1 þ bc1crðscþ1Þ þ nceA; ð49Þwhere the material parameters kc; mc; lc ; wc; #c; /c ; sc; 1c and nc
are deﬁned as in Eq. (42); and ac and bc are two new unknown con-
stants to be determined from the boundary and interface
conditions.
(ii) When the rough interface has a saw-tooth proﬁle and located
between two isotropic phases which are well-ordered in the
sense that ðl1  l2Þðk1 þ 23l1  k2  23l2Þ > 0, it is shown in
Appendix A that the scalar function f ðcÞðrÞ in (43) is given byf ðcÞðrÞ ¼ exp 1
2
Z r
R1
QðrÞ
PðrÞ dr
 
gðrÞ þ neAr: ð50ÞIn this equation, n; PðrÞ; QðrÞ and gðrÞ are deﬁned by
n ¼  k1  k2ð Þ
2 k1 þ l1  k2  l2
  ;
PðrÞ ¼ d13r5 þ d12r4 þ d11r3 þ d10r2;
QðrÞ ¼ d23r4 þ d22r3 þ d21r2 þ d20r;
gðrÞ ¼ r  r1ð Þ r  r3r  r1
 1
21
acF1ðrÞ þ bcF2ðrÞ½ 	: ð51Þ
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determined from the boundary and interface conditions; F1ðrÞ and
F2ðrÞ are two scalar functions speciﬁed by
F1ðrÞ ¼ rr  r1
 c1
2 r  r2
r  r1
 1
2D
H hð1Þa ;hð1Þq ;hð1Þa ;hð1Þb ; hð1Þc ; hð1Þ1 ;hð1Þz
 
;
F2ðrÞ ¼ rr  r1
  c2
2 r  r2
r  r1
 1
2þD
H hð2Þa ; hð2Þq ;hð2Þa ;hð2Þb ;hð2Þc ;hð2Þ1 ; hð2Þz
 
;
where
D ¼ WHþ 4N
2
ﬃﬃﬃﬃ
H
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2H 2W 4N 4!
p
and H is the Heun function (see, e.g., Ronveaux, 1995); and r1; r2;
r3; d10; d11; d12; d13; d20; d21, d22; d23; 1; h
ð1Þ
a ; h
ð1Þ
q ; h
ð1Þ
a ; h
ð1Þ
b ;
hð1Þc ; h
ð1Þ
1 ; h
ð1Þ
z ; h
ð2Þ
a ; h
ð2Þ
q ; h
ð2Þ
a ; h
ð2Þ
b ; h
ð2Þ
c ; h
ð2Þ
1 ; h
ð2Þ
z ; c1; c2; W; H; N
and ! are material and geometrical parameters that are provided
in Appendix A. The calculations of the Heun function can be per-
formed by using the software Maple.
Denoting the scalar functions F 1ðrÞ; F 2ðrÞ; G1ðrÞ and G2ðrÞ by
F 1ðrÞ ¼ exp 12
Z r
R1
QðrÞ
PðrÞ dr
 
r  r1ð Þ r  r3r  r1
 1
21
F1ðrÞ;
F 2ðrÞ ¼ exp 12
Z r
R1
QðrÞ
PðrÞ dr
 
r  r1ð Þ r  r3r  r1
 1
21
F2ðrÞ;
G1ðrÞ ¼ ddrF 1ðrÞ; G2ðrÞ ¼
d
dr
F 2ðrÞ; ð52Þ
the non-zero strain and stress components in the interface zone can
be shown to be given by
eðcÞ1 ¼ acG1ðrÞþbcG2ðrÞþneA; eðcÞ2 ¼ ac
F 1ðrÞ
r
þbcF 2ðrÞr þneA; e
ðcÞ
3 ¼ eA;
rðcÞ1 ¼ ac LðcÞ1111G1ðrÞþLðcÞ1122
F 1ðrÞ
r
 
þbc LðcÞ1111G2ðrÞþLðcÞ1122
F 2ðrÞ
r
 
þeA nðLðcÞ1111þLðcÞ1122ÞþLðcÞ1133
h i
;
rðcÞ2 ¼ ac LðcÞ1122G1ðrÞþLðcÞ2222
F 1ðrÞ
r
 
þbc LðcÞ1122G2ðrÞþLðcÞ2222
F 2ðrÞ
r
 
þeA nðLðcÞ1122þLðcÞ2222ÞþLðcÞ2233
h i
;
rðcÞ3 ¼ ac LðcÞ1133G1ðrÞþLðcÞ2233
F 1ðrÞ
r
 
þbc LðcÞ1133G2ðrÞþLðcÞ2233
F 2ðrÞ
r
 
þeA nðLðcÞ1133þLðcÞ2233ÞþLðcÞ3333
h i
; ð53Þ
where the components LðcÞijkl of LðcÞ are provided by (20).
The perfect bonding across the interfaces r ¼ R1; r ¼ R2 and
r ¼ R3 implies the following continuity conditions for the displace-
ment ur and the stress r1:
uð1Þr ðR1Þ ¼ uðcÞr ðR1Þ; rð1Þ1 ðR1Þ ¼ rðcÞ1 ðR1Þ; ð54Þ
uðcÞr ðR2Þ ¼ uð2Þr ðR2Þ; rðcÞ1 ðR2Þ ¼ rðcÞ2 ðR2Þ; ð55Þ
uð2Þr ðR3Þ ¼ eTR3; rð2Þ1 ðR3Þ ¼ 2~keT þ~leA: ð56Þ
Firstly, substituting eA ¼ 0 into Eqs. (54)–(56) gives rise to a system
of six homogeneous linear equations for the six unknowns
a1; ac; bc; a2; b2 and eT which can be recast in the matrix form:
AðeT ÞXðeT Þ ¼ 0; ð57Þ
where AðeT Þ is a 6 6 matrix whose components AðeT Þij are speciﬁed in
Appendix B for the cases where the rough interface exhibits saw-
tooth and comb proﬁles and XðeT Þ is a vector deﬁned by
XðeT Þ ¼ a1; ac; bc; a2; b2; eT½ 	T : ð58ÞA non-trivial solution to this system exists if and only if the deter-
minant of the relevant 6 6 matrix AðeT Þ is equal to zero:
gðeT Þð~kÞ ¼ det AðeT Þ ¼ 0: ð59Þ
This necessary and sufﬁcient condition yields a linear equation of ~k.
This equation allows as to determine ~k as
~k ¼ g
ðeT Þð0Þ
gðeT Þð0Þ  gðeT Þð1Þ : ð60Þ
Similarly, by setting eT ¼ 0 in Eqs. (54)–(56), we obtain a new sys-
tem of six homogeneous linear equations for the six unknowns
a1; ac; bc; a2; b2 and eA. Requiring the existence of a non-trivial
solution yields a linear equation for ~l:
gðeAÞð~lÞ ¼ det AðeAÞ ¼ 0: ð61Þ
The components AðeAÞij of the 6 6 matrix AðeAÞ are provided in
Appendix B. We obtain from (61)
~l ¼ g
ðeAÞð0Þ
gðeAÞð0Þ  gðeAÞð1Þ : ð62Þ
Next, let the homogeneous medium X undergo the axial shear
boundary condition (13) on the lateral surface S and transverse
cross sections T of X. The resulting non-zero displacement, strain
and stress ﬁelds in the homogeneous medium have the expressions
ur ¼ c0z cos h; uh ¼ c0z sin h; uz ¼ c0r cos h; ð63Þ
e4 ¼ c0 sin h; e5 ¼ c0 cos h; ð64Þ
r4 ¼ 2~Gc0 sin h; r5 ¼ 2~Gc0 cos h: ð65Þ
Employing the replacement process described above, we insert in
the original homogeneous medium the composite cylinder with
the phase volume fractions v1; vc and v2 deﬁned by (41). The axial
shear modulus ~G is determined in terms of the constituent proper-
ties of phases 1 and 2 and of the volume fractions v1; vc and v2 in
such a way that the initial ﬁelds in the external medium subjected
to the boundary condition (13) are undisturbed by the presence of
the composite cylinderx. In fact, starting from the boundary condi-
tion (13 ), we seek the displacement ﬁeld in each phase of the com-
posite cylinder in the form
uðiÞr ðxÞ ¼ c0zcos h; uðiÞh ðxÞ ¼c0zsin h; uðiÞz ðxÞ ¼uðiÞðrÞcos h; ð66Þ
where uðiÞðrÞ is a scalar function. By using the equation of equilib-
rium, it has been shown in Le Quang and He (2007) that uðaÞðrÞ
(a ¼ 1;2) for the core and out layer of the composite cylinder are
given by
uðaÞðrÞ ¼ ðaaria þ baria  c0rÞ cos h: ð67Þ
In this equation, ia is deﬁned in (42) and the unknown constants aa
and ba need to be determined by the boundary and interface condi-
tions. The non-zero strain and stress components associated to (67)
read
eðiÞ4 ¼ 
1
2
airii1 þ birðiiþ1Þ
 
sin h;
eðiÞ5 ¼
1
2
airii1  birðiiþ1Þ
 
ii cos h;
rðiÞ4 ¼ GðiÞh airii1 þ birðiiþ1Þ
 
sin h;
rðiÞ5 ¼ GðiÞr airii1  birðiiþ1Þ
 
ii cos h: ð68Þ
In particular, the requirement that the displacement of the core of
composite cylinder be ﬁnite at r ¼ 0 implies b1 ¼ 0.
The scalar functions uðcÞðrÞ in (66) for the interface zone (phase
c) are obtained according as the rough interface model used:
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two cylindrically anisotropic phases is concerned, the effec-
tive elastic tensor LðcÞ of the rough interface zone is cylindri-
cally homogeneous and anisotropic, so that the scalar
function uðcÞðrÞ, displacement, strain and stress ﬁelds in the
rough interface zone have the forms analogue to (67)–(68):uðcÞðrÞ ¼ acric þ bcric  c0rð Þ cos h; ð69Þ
uðcÞr ¼ c0zcos h; uðcÞh ¼c0zsin h; uðcÞz ¼ acric þbcric c0rð Þcos h;
ð70ÞeðcÞ4 ¼
1
2
acric1þbirðicþ1Þ
 
sin h;
eðcÞ5 ¼
1
2
acric1bcrðicþ1Þ
 
ic cos h;
rðcÞ4 ¼GðcÞh acric1þbcrðicþ1Þ
 
sin h;
rðcÞ5 ¼GðcÞr acric1bcrðicþ1Þ
 
ic cos h: ð71Þ
Above, ac and bc are two unknown constants to be deter-
mined from the boundary and interface conditions.(ii) When the rough interface of saw-tooth proﬁle located
between two isotropic phases is in question, using the equa-
tion of equilibrium lead to the following form for uðcÞðrÞuðcÞðrÞ ¼ ðr þ r1Þðl1  l-2 ðr  r2Þ1þ-
acr-U f
ð1Þ
a ; f
ð1Þ
b ; f
ð1Þ
c ; f
ð1Þ
z
 h
þbcr-U fð2Þa ; fð2Þb ; fð2Þc ; fð2Þz
 i
 c0r: ð72ÞIn this equation, the unknown constants ac and bc are to be deter-
mined from the boundary and interface conditions; U is the ordin-
ary hypergeometric function that can be computed with the help of
Maple (see, e.g., Abramowitz and Stegun, 1964); the remaining
material and geometrical parameters are speciﬁed by
r1¼R1þ l2dl1l2
; r2¼R1þ l2dl1l2
; -¼ d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃl1l2p
ðl1l2Þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
r1r2
p ;
fð1Þa ¼ fð1Þb ¼1þ-; fð1Þc ¼1þ2-; fð2Þa ¼ fð2Þb ¼1-; fð2Þc ¼12-;
fð1Þz ¼ fð2Þz ¼
dðl1þl2Þr
r1ðl1l2Þðr r2Þ
:
By introducing the scalar functions
M1ðrÞ ¼ ðr þ r1r
-Þ
ðl1  l2Þ-ðr  r2Þ1þ-
U fð1Þa ; f
ð1Þ
b ; f
ð1Þ
c ; f
ð1Þ
z
 
;
M2ðrÞ ¼ ðr þ r1r
-Þ
ðl1  l2Þ-ðr  r2Þ1þ-
U fð2Þa ; f
ð2Þ
b ; f
ð2Þ
c ; f
ð2Þ
z
 
;
N 1ðrÞ ¼ ddrM1ðrÞ; N 2ðrÞ ¼
d
dr
M2ðrÞ; ð73Þ
the corresponding non-zero strain and stress components in the
interface zone are found to be given by
eðcÞ4 ¼ 
1
2r
½acM1ðrÞ þ bcM2ðrÞ	 sin h;
eðcÞ5 ¼
1
2
½acN 1ðrÞ þ bcN 2ðrÞ	 cos h; ð74Þ
rðcÞ4 ¼ 
LðcÞ2323
r
½acM1ðrÞ þ bcM2ðrÞ	 sin h;
rðcÞ5 ¼ LðcÞ1313½acN 1ðrÞ þ bcN 2ðrÞ	 cos h; ð75Þ
where the components LðcÞ2323 and LðcÞ1313 of LðcÞ are derived in (20).
The continuity conditions for the displacements and tractions
across the interfaces r ¼ R1; r ¼ R2 and r ¼ R3 read
uð1Þz ðR1Þ ¼ uðcÞz ðR1Þ; rð1Þ5 ðR1Þ ¼ rðcÞ5 ðR1Þ; ð76Þ
uðcÞz ðR2Þ ¼ uð2Þz ðR2Þ; rðcÞ5 ðR2Þ ¼ rð2Þ5 ðR2Þ; ð77Þuð2Þz ðR3Þ ¼ c0R3 cos h; rð2Þ5 ðR3Þ ¼ 2~Gc0 cos h: ð78Þ
These continuity conditions constitute another system of six homo-
geneous linear equations for six unknowns a1; ac; bc; a2; b2 and c0.
The existence of a non-trivial solution demands that the determi-
nant of the relevant 6 6 matrix be equal to zero. This condition
leads to the equation governing ~G:
gðc0Þð~GÞ ¼ det Aðc0Þ ¼ 0; ð79Þ
where the components Aðc0Þij of the 6 6 matrix Aðc0Þ are speciﬁed in
Appendix B. Solving equation (79), we obtain
~G ¼ g
ðc0Þð0Þ
gðc0Þð0Þ  gðc0Þð1Þ : ð80Þ
As has been shown previously, when the axisymmetric boundary
condition (12) is concerned and if the transverse bulk modulus ~k
and transverse rigidity ~l are given by Eqs. (60) and (62), the ﬁelds
in the external medium are uniform even in presence of the com-
posite cylinder. For the case of the axial shear boundary condition
(13), the ﬁelds in the external medium are not uniform in the cylin-
drical coordinate system but they are uniform in the Cartesian coor-
dinate system, provided ~G is given by (80). Therefore, in these two
cases we can continue to introduce other composite cylinders, with
the same values of the volume fractions v1; vc and v2, into the
external medium without disturbing the ﬁelds in it. These compos-
ite cylinders need not to be concentric with the original composite
cylinder (Fig. 4). Repeating this process of replacement ad inﬁnitum,
the main cylinder can be completely ﬁlled with such similar com-
posite cylinders. Furthermore, similar composite cylinders of all
sizes can be inserted in the outside medium so as to end up in a
microstructure in which only the two constituent phases are pres-
ent. The CCA of Hashin and Rosen (1964) is rediscovered. Owing
to the fact that during the forgoing ﬁll-up process, the ﬁelds in
the external medium remain unchanged for the boundary condition
(12) or (13), it is immediate that the following average stress com-
ponents rih iCC in any composite cylinder are equal to the volume
average stress components rih i over the medium X and have the
following expressions according as (10)–(11) or (34)–(35) are
considered:
– when the axisymmetric strain boundary condition (12) is under
consideration,r1h iCC ¼ 2~keT þ~leA ¼ r1h i; r2h iCC ¼ 2~keT þ~leA ¼ r2h i; ð81Þ
– when the axial shear strain boundary condition (13) is
concerned,r4h iCC ¼2~Gc0 sin h¼ r4h i; r5h iCC ¼ 2~Gc0 cos h¼ r5h i: ð82Þ
Eqs. (81) and (82) show that the microstructure obtained by the
foregoing replacement process has the effective elastic behavior
characterized by the effective transverse bulk modulus k, trans-
verse rigidity l and axial shear modulus G which are, respectively,
identical to ~k;~l and ~G given by Eqs. (60), (62) and (80), i.e.,
k ¼ ~k; l ¼ ~l; ~G ¼ G: ð83Þ
As has been discussed above, the neutrality condition of a compos-
ite cylinder does not relate to the longitudinal rigidity ~n. Thus, these
moduli cannot be determined by using the concept of neutral inclu-
sions. However, they can be derived by using Eq. (11) where the
computation of the stress r3h i over the medium X is necessary. In
contrast to the volume average stress rih i obtained by (81) and
(82), at any intermediate stage of the forgoing ﬁll-up process, the
volume average stress r3h i over the medium X is not constant
although its volume average value r3h iCC is the same in every
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sponding ﬁelds in the host medium. Only at the end of this ﬁll-up
process when the main medium has been completely ﬁlled by the
similar composite cylinders, we obtain the CCA microstructure in
which r3h i becomes equal to r3h iCC . In fact, under the boundary
condition (12), the resulting strain can be, by linearity, written as
eijðxÞ ¼ AijðxÞeT þ BijðxÞeA; ð84Þ
where AijðxÞ and BijðxÞ are the inﬂuence functions verifying the fol-
lowing consistency conditions:
A11ðxÞh i ¼ A22ðxÞh i ¼ 1;
A33ðxÞh i ¼ A12ðxÞh i ¼ A13ðxÞh i ¼ A23ðxÞh i ¼ 0; ð85Þ
B33ðxÞh i ¼ 1;
B11ðxÞh i ¼ B22ðxÞh i ¼ B12ðxÞh i ¼ B13ðxÞh i ¼ B23ðxÞh i ¼ 0: ð86Þ
Because the effective behaviour is transversely isotropic, by com-
bining Eq. (84) with Eq. (11), and by identifying the effective mod-
uli, we obtain
n ¼ L33klðxÞBklðxÞh i: ð87Þ
During the replacement process, the ﬁelds on the surface of the
composite cylinder embedded in the external medium remain
undisturbed. Thus, the volume average ﬁelds in any composite cyl-
inder are equal to the ones over the composite under consideration.
Then, each composite cylinder acts as the whole composite sample,
and can be taken to be a representative volume element V. Thus, all
the volume averages over the representative volume element V in
Eq. (87) are reduced to the volume averages in a composite cylinder,
i.e.,
n ¼ L33klðxÞBklðxÞh iCC : ð88Þ
In theses equations, the inﬂuence function BðxÞ can be determined
by using the results of the uniform axisymmetric boundary value
problem described previously with eT ¼ 0 and eA – 0.
Finally, we summarize, in Table 1, the closed-form solutions
derived for the displacement, strain, stress ﬁelds and for the effec-
tive elastic moduli k; l; n and G of the composite under consid-
eration associated to the different cases of anisotropic constituent
phases and different proﬁles of rough interfaces considered.
5. Numerical application
The results established in Section 4 for columnar composites
with very rough circumferential interfaces are now numerically
illustrated and examined by considering a composite consisting
of polymethyl methacrylate (PMMA) matrix reinforced by SiCTable 1
The displacement, strain, stress solution ﬁelds and the effective elastic moduli k; l; n a
proﬁles of rough interfaces considered.
Composite consisting of two cylindrically anisotropic phases C
Rough interface with comb proﬁle R
Under the uniform axisymmetric boundary condition (12)
The solution ﬁelds in the rough interface zone are given by Eqs. (47)–(49) T
The effective transverse bulk modulus k is determined by Eqs. (59), (60) and (83)1
with AðeT Þ provided by (B-1)
T
w
The effective transverse rigidity T
l is given by Eqs. (61), (62) and (83)2 with A
ðeAÞ speciﬁed by (B-2) l
The effective longitudinal rigidity n is given by Eq. (88) T
Under the uniform axial shear boundary condition (13)
The solution ﬁelds in the rough interface zone are obtained by Eqs. (69)–(71) T
The effective axial shear modulus G is determined by Eqs. (79), (80) and (83)3
with Aðc0Þ provided by (B-3)
T
wﬁbers in which the rough circumferential interface between two
constituent phases possesses a saw-tooth proﬁle and Young’s mod-
uli and Poisson’s ratios of the two isotropic phases are chosen to be
such that
 PMMA polymer: E2 ¼ 3:8 GPa and m2 ¼ 0:36;
 SiC: E1 ¼ 440:275 GPa and m1 ¼ 0:171.
In addition, the period  of the rough circumferential interface and
the thicknesses d ¼ R2  R1 of the rough interface zone limited by
r ¼ R1 and r ¼ R2 are kept constant with  ¼ p=16 and d ¼ R1=20
while the external radius R3 of the lateral surface of the composite
cylinder is set to vary in such a way that the volume fraction of the
core v1 ¼ ðR1=R3Þ2 increases from 0 to R21=ðR1 þ dÞ2 ¼ 0:907. The
effective elastic properties k; l; G and n provided by (83) and
(87) accounting for (60), (62) and (80), referred to as exact results,
are respectively plotted in Figs. 6–9 versus the volume fraction of
the core v1 ¼ ðR1=R3Þ2 of the composite cylinder. These values
obtained for the effective elastic moduli k; l; G and n are ﬁrst
compared in Figs. 6–9 with the ones obtained by using the ﬁnite
element method (FEM). In Fig. 5, we show the mesh of the two-
phase composite cylinder with very rough interface of saw-tooth
proﬁle provided by FEM.
It is seen from Figs. 6–9 that a good agreement is observed
between the results obtained by the analytical method and the
numerical ones provided by FEM. We can also see from Figs. 6–9
that the values obtained from the analytical closed-form expres-
sions (83) and (87) together with (60), (62) and (80) for the effec-
tive elastic moduli k; l; G and n coincide almost with the ones
provided by employing an approximate approach, except for some
very high values of the core volume fraction (v1 P 0:85) in Figs. 7
and 8. These relatively large differences between the analytical and
numerical results for the high values of v1 are due to difﬁculties in
meshing the two-phase composite cylinder by FEM when the vol-
ume fraction of the core becomes close to 1. In the approximate
approach, to estimate the effective elastic moduli k; l; G and
n, we start ﬁrst from the fact that for the rough interface of
saw-tooth proﬁle, the equivalent interphase obtained by applying
the foregoing homogenization method to the rough interface zone
is cylindrically heterogeneous along the radial direction. The corre-
sponding effective elastic tensor LðcÞðrÞ of the equivalent interphase
can be determined by (16) and (17). Then, the equivalent radially
heterogeneous interphase is approximately replaced by a N-coated
composite in which each layer is individually cylindrically
homogeneous and has the same thickness. By denoting by r ¼ .j
and r ¼ .jþ1 the inner and outer surfaces of the jth-layer
(1 6 j 6 N  1), the elastic tensor of this jth-layer is independentnd G obtained for the different cases of anisotropic constituent phases and different
omposite consisting of two well-ordered isotropic phases
ough interface with saw-tooth proﬁle
he solution ﬁelds in the rough interface zone are given by Eqs. (50)–(53)
he effective transverse bulk modulus k is determined by Eqs. (59), (60) and (83)1
ith AðeT Þ provided by (B-4).
he effective transverse rigidity
is given by Eqs. (61), (62) and (83)2 with A
ðeT Þ speciﬁed by (B-5).
he effective longitudinal rigidity n is given by Eq. (88).
he solution ﬁelds in the rough interface zone are obtained by Eqs. (72)–(75)
he effective axial shear modulus G is determined by Eqs. (79), (80) and (83)3
ith Aðc0Þ provided by (B-6)
Fig. 5. Meshing by FEM the two-phase composite cylinder with rough circumfer-
ential interface of saw-tooth proﬁle.
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Fig. 6. The effective transverse bulk modulus k versus the volume fraction of the
core v1 ¼ ðR1=R3Þ2 of the composite cylinder.
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Fig. 7. The effective transverse rigidity l versus the volume fraction of the core
v1 ¼ ðR1=R3Þ2 of the composite cylinder.
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Fig. 9. The effective longitudinal rigidity n versus the volume fraction of the core
v1 ¼ ðR1=R3Þ2 of the composite cylinder.
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Fig. 8. The effective axial shear modulus G versus the volume fraction of the core
v1 ¼ ðR1=R3Þ2 of the composite cylinder.
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value of N in this numerical example is chosen to be N ¼ 100. This
value of N is enough to ensure the convergence of the solution.
On the other hand, according to the well-known results
obtained by Hill (1964) and Dvorak (1990), the three effective
moduli k; l and n obtained previously for the composite cylinder
are not independent. More precisely, there are two exact connec-
tions between k; l and n:
k  k1
l  l1
¼ l
  f1l1  f2l2
n  f1n1  f2n2 ¼
k2  k1
l2  l1 ; ð89Þ
where f1 and f2 are respectively the volume fractions of phase 1 and
2 that can be determined for the case with very rough interface of
saw-tooth proﬁle by
f1 ¼ 1 f2 ¼ R1ðR1 þ dÞ
R23
: ð90Þ
In Figs. 10 and 11, the effective transverse and longitudinal rigidi-
ties l and n derived by the micromechanical model described in
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Fig. 11. The effective longitudinal rigidities n obtained by present method and
exact connections versus the volume fraction of the core v1 ¼ ðR1=R3Þ2 of the
composite cylinder.
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Fig. 10. The effective transverse rigidities l obtained by present method and exact
connections versus the volume fraction of the core v1 ¼ ðR1=R3Þ2 of the composite
cylinder.
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exact connections (89). A good accord between these exact analyt-
ical results can be seen from Figs. 10 and 11.
Finally, in Figs. 6–9, the good agreement observed between the
analytical closed-form results and the numerical or approximate
ones conﬁrm the validity of the analytical expressions (83), (87),
(60), (62) and (80) for the effective elastic moduli k; l; G and
n of a composite cylinder with very rough interface of saw-tooth
proﬁle. These analytical closed-form results also verify the univer-
sal connections between the effective elastic moduli.6. Concluding remarks
In this work, the combination of an asymptotic analysis with
the well-known composite cylinder assemblage model has
resulted in a novel two-scale homogenization method. This
method has allowed us to solve the problem of determining all
the effective elastic moduli except the effective transverse shearmodulus m of a columnar composite made of two cylindrically
orthotropic phases between which the cylindrical interface oscil-
lates quickly and periodically along the circular circumferential
direction. The step of homogenizing a rough interface as an equiv-
alent interphase is the key to the two-scale homogenization
method. Indeed, after this homogenization, many micromechanical
models which are impotent for the treatment of interfacial rough-
ness become again applicable. For example, another method com-
bining the asymptotic analysis with the generalized self-consistent
model can be applied to estimate the effective transverse shear
modulusm of the columnar composite under consideration. How-
ever, care has to be taken to respect the assumption that the ampli-
tude of the roughness of an interface is much larger than its
wavelength or period. Otherwise, high-order terms should be used
in the asymptotic analysis, thus giving rise to non-local effects. In
this case, the situation is more complicated and constitutes a
new problem to be studied.
The basic idea underlying the two-scale homogenization
method elaborated in the present work can be adapted for partic-
ulate composites and for other mechanical and physical phenom-
ena in which very rough interfaces are involved. Some of these
problems have studied in the Ph.D. thesis of the ﬁrst author (Le,
2011), and the corresponding results obtained will be reported in
forthcoming papers.
Appendix A. Derivation of the expression of f ðcÞðrÞ given by
Eq. (50)
This appendix aims at showing in the case where the rough
interface model with saw-tooth proﬁle is located between two iso-
tropic phases that the displacement ﬁeld in the interface zone
takes the form (43) with i ¼ c and f ðcÞðrÞ given by (50).
By using the expression (43) of the displacement ﬁeld in the
interface zone, the resulting non-zero strain components in the
cylindrical coordinates are give by
eðcÞ1 ¼
duðcÞr
dr
¼ d
dr
f ðcÞðrÞ; eðcÞ2 ¼
uðcÞr
r
¼ f
ðcÞðrÞ
r
; eðcÞ3 ¼ eA: ðA-1Þ
Introducing the strain ﬁeld (A-1) in Eq. (2), we obtain the corre-
sponding non-zero stress components:
rðcÞ1 ¼ LðcÞ1111
d
dr
f ðcÞðrÞ þ LðcÞ1122
f ðiÞðrÞ
r
þ LðcÞ1133eA;
rðcÞ2 ¼ LðcÞ1122
d
dr
f ðcÞðrÞ þ LðcÞ2222
f ðcÞðrÞ
r
þ LðcÞ2233eA;
rðcÞ3 ¼ LðcÞ1133
d
dr
f ðcÞðrÞ þ LðcÞ2233
f ðcÞðrÞ
r
þ LðcÞ3333eA: ðA-2Þ
Hence, the components LðcÞijkl of LðcÞ is given by (20). The stress com-
ponents in (A-2) are dependent only on r. In such a case and in the
absence of body forces, the equations of equilibrium reduce to the
following one:
d
dr
rðcÞ1 þ
2ðrðcÞ1  rðcÞ2 Þ
r
¼ 0: ðA-3Þ
Substituting Eq. (A-2) into Eq. (A-3) gives a non-homogeneous sec-
ond-order differential equation as follows
PðrÞ d
2
dr2
f ðcÞðrÞ þ QðrÞ d
dr
f ðcÞðrÞ þ UðrÞf ðcÞðrÞ ¼ neA½QðrÞ þ rUðrÞ	;
ðA-4Þ
where PðrÞ; QðrÞ and n are deﬁned by Eq. (51) and WðrÞ is of the
form
UðrÞ ¼ d31r þ d30 ðA-5Þ
with
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¼ ½ðk2 þ 2l2ÞðR1 þ dÞ  ðk1 þ 2l1ÞR1	½ðl1 þ k2 þ l2Þ  ðl1 þ k1
þ l2Þd2  ðl1  l2Þðl1 þ k1  k2  l2Þð2R1 þ dÞ2	;
d11 ¼ 12 l1  l2
 
l1 þ k1  k2  l2
 
k1 þ 2l1  k2  2l2
 
R21
 8 l1  l2
 
l1 þ k1  k2  l2
 
2l1 þ k1  4l2  2k2
 
dR1 þ d2 k2 þ 2l2
  ðk1 þ 2l1  k2  2l2Þ
2k1 þ 4l1  k2  2l2Þ  ðk1  k2Þ2
 i
;
d12 ¼ 4ðl1  l2Þðl1 þ k1  k2  l2Þ½ðk1 þ 2l1Þð3R1 þ dÞ  ðk2
þ 2l2Þð3R1 þ 2dÞ	;
d13 ¼ 12 d23 ¼ 4ðl1  l2Þðl1 þ k1  k2  l2Þðk1 þ 2l1  k2  2l2Þ;
d21 ¼ 8ðl1  l2Þðl1 þ k1  k2  l2Þð2R1 þ dÞ½ðk2 þ 2l2ÞðR1 þ dÞ
 ðk1 þ 2l1ÞR1	;
d22 ¼ 4ðl1  l2Þðl1 þ k1  k2  l2Þ½ðk1 þ 2l1Þð5R1 þ dÞ  ðk2
þ 2l2Þð5R1 þ 4dÞ	;
d30 ¼ d2ðk2 þ 2l2Þðk1 þ 2l1Þ½ðk1 þ 2l1ÞR1  ðk2 þ 2l2ÞðR1 þ dÞ	;
d31 ¼ 2d2ðk2 þ 2l2Þðk1 þ 2l1Þðl1 þ k1  k2  l2Þ: ðA-6Þ
First, it is easy to show that the non-homogeneous second-order
differential Eq. (A-4) has a particular solution
f ðcÞ1 ðrÞ ¼ neAr: ðA-7Þ
Then, by setting
f ðcÞ2 ðrÞ ¼ exp 
1
2
Z r
R1
QðrÞ
PðrÞ dr
 
gðrÞ; ðA-8Þ
the corresponding homogeneous second-order differential equation
of (A-4) is transformed into
r2 r  r1ð Þ2 r  r2ð Þ2 r  r3ð Þ2g00 þWðrÞgðrÞ ¼ 0 ðA-9Þ
with WðrÞ ¼ k4r4 þ k3r3 þ k2r2 þ k1r þ k0 and
k0¼ 1
4d213
2d10d20þ4d10d30d220
 
;
k1¼ 1
2d213
2d10d31d20d21þ2d11d30þ2d11d20ð Þ;
k2¼ 1
2d213
d11d21d10d22þ2d12d30d20d2212d
2
21þ3d12d20þ2d11d31
 
;
k3¼ 1
d213
d13d30þd13d20þd12d31þd12d212d10d1312d21d22
 
;
k4¼ 1
d213
1
2
d12d2214d
2
22þd12d30þ
1
2
d13d21d11d13þd13d31
 
: ðA-10Þ
Additionally, r1; r2 and r3 in (A-9) denoting the three solutions of
d13r3 þ d12r2 þ d11r þ d10 ¼ 0 are determined by
r1 ¼ R1  dðk2 þ 2l2Þk1 þ 2l1  k2  2l2
;
r2 ¼ R1 þ d2þ
d
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðl1 þ k2 þ l2Þðl1 þ k1 þ l2Þpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðl1  l2Þðl1 þ k1  k2  l2Þp ;
r3 ¼ R1 þ d2
d
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðl1 þ k2 þ l2Þðl1 þ k1 þ l2Þpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðl1  l2Þðl1 þ k1  k2  l2Þp : ðA-11ÞUnder the assumption that the two constituent isotropic phases of
the composite are well-ordered, i.e., ðl1  l2Þðk1 þ 23l1  k2
2
3l2Þ > 0, it can be shown that r1; r2 and r3 deﬁned by Eq. (A-11)
are all real.
The general solution gðrÞ of (A-9) is then given by (51) in which
the parameters 1; hð1Þa ; h
ð1Þ
q ; h
ð1Þ
a ; h
ð1Þ
b ; h
ð1Þ
c ; h
ð1Þ
1 ; h
ð1Þ
z ; h
ð2Þ
a ; h
ð2Þ
q ;
hð2Þa ; h
ð2Þ
b ; h
ð2Þ
c ; h
ð2Þ
1 ; h
ð2Þ
z ; c1; c2; W; H; N and ! are deﬁned by
H ¼ r21r22 r2 r3ð Þ2 r1 r3ð Þ2 r2 r1ð Þ2;
U ¼v
ﬃﬃﬃﬃ
H
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r22 r2 r3ð Þ2þ
4Wðr2Þ
r2 r1ð Þ2
" #
r21 r1 r3ð Þ2þ
4Wðr1Þ
r2 r1ð Þ2
" #vuut ;
N ¼ r21 r1 r3ð Þ2Wðr2Þ; !¼ r22 r2 r3ð Þ2Wðr1Þ
-1 ¼ r1r2r3þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r21r
2
2r
2
34k0
q
; -2¼ r1r2r3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r21r
2
2r
2
34k0
q
;
hð1Þa ¼hð2Þa ¼
r1 r3ð Þr2
r2 r1ð Þr3 ; h
ðaÞ
c ¼ ca¼
-a
r1r2r3
;
1 ¼hð1Þ1 ¼hð2Þ1 ¼1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4Wðr3Þ
r23 r2 r3ð Þ2 r1 r3ð Þ2
s
;
hðaÞq ¼
-a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r23ðr2 r3Þ2ðr1 r3Þ24Wðr3Þ
q
2r1r33ðr2 r1Þðr2 r3Þ
ðr1r2þ r3r12r3r2Þca
2r3ðr2 r1Þ
þ2r2k0þ2r3k0þk1r3r2
r1r22r
3
3ðr2 r1Þ
 vcaðUHþ4NÞ
2
ﬃﬃﬃﬃ
H
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2H2U4N4!
p
hðaÞb ¼
-aþhðaÞ1
2
þ 2vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2H2U4N4!
p
 r1Wðr3Þ
r2
1
r2 r3þ
1
r1 r3
 
þ 1
r1r32ðr1 r3Þ
! k4H
ðr2 r1Þ2
 !(
þðr2 r3Þ½r1ðk0þk1r3Þþk0r3þ r
2
1ðk1þk2r3k3r233k4r33Þ	
r1r2ðr1 r3Þ
þr1ðk2þ3k3r3þ5k4r
2
3Þðr1r2 r23Þ
r2ðr1 r3Þ þ
ðk1þk2r3k4r33Þr1
r2

;
hðaÞa ¼
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2H2U4N4!
p
2
ﬃﬃﬃﬃ
H
p þ-aþh
ðaÞ
1
2
;
hð1Þz ¼hð2Þz ¼
ðr1 r3Þr
r3ðr r1Þ ; v¼
r1 r3j j
r1 r3 : ðA-12Þ
Finally, by combining the particular solution (A-7) with the general
solution (A-8) of the non-homogeneous second-order differential
Eq. (A-3), we obtain the expression (50) of f ðcÞðrÞ.
Appendix B. The expressions for the non-zero components
AðeT Þij ; A
ðeAÞ
ij and A
ðc0Þ
ij of A
ðeT Þ; AðeAÞ and Aðc0Þ in Eqs. (57), (61)
and (79)
The non-zero components AðeT Þij ; A
ðeAÞ
ij and A
ðc0Þ
ij of A
ðeT Þ; AðeAÞ and
Aðc0Þ in Eqs. (57), (61) and (79) are speciﬁed by following
expressions.
(i) When the rough interface model with comb-proﬁle situated
between two cylindrically anisotropic phases is under
considerationAðeT Þ11 ¼Rs11 ; AðeT Þ12 ¼Rsc1 ; AðeT Þ13 ¼Rsc1 ; AðeT Þ21 ¼2k1Rs111 ;
AðeT Þ22 ¼2kcRsc11 ; AðeT Þ23 ¼2mcRðscþ1Þ1 ; AðeT Þ32 ¼Rsc2 ;
AðeT Þ33 ¼Rsc2 ; AðeT Þ34 ¼Rs22 ; AðeT Þ35 ¼Rs22 ; AðeT Þ42 ¼2kcRsc12 ;
AðeT Þ43 ¼2mcRðscþ1Þ2 ; AðeT Þ44 ¼2k2Rs212 ; AðeT Þ45 ¼2m2Rðs2þ1Þ2 ;
AðeT Þ54 ¼Rs23 ; AðeT Þ55 ¼Rs23 ; AðeT Þ56 ¼R3; AðeT Þ64 ¼2k2Rs213 ;
AðeT Þ65 ¼2m2Rðs2þ1Þ3 ; AðeT Þ66 ¼2~k: ðB-1Þ
2646 H.-T. Le et al. / International Journal of Solids and Structures 51 (2014) 2633–2647AðeAÞ11 ¼Rs11 ; AðeAÞ12 ¼Rsc1 ; AðeAÞ13 ¼Rsc1 ; AðeAÞ16 ¼ðw1wcÞR1;
AðeAÞ21 ¼2k1Rs111 ; AðeAÞ22 ¼2kcRsc11 ; AðeAÞ23 ¼2mcRðscþ1Þ1 ;
AðeAÞ26 ¼ l1lc; AðeAÞ32 ¼Rsc2 ; AðeAÞ33 ¼Rsc2 ; AðeAÞ34 ¼Rs22 ;
AðeAÞ35 ¼Rs22 ; AðeAÞ36 ¼ðwcw2ÞR2 AðeT Þ42 ¼2kcRsc12 ;
AðeT Þ43 ¼2mcRðscþ1Þ2 ; AðeT Þ44 ¼2k2Rs212 ; AðeT Þ45 ¼2m2Rðs2þ1Þ2 ;
AðeAÞ46 ¼ lcl2; AðeAÞ54 ¼Rs23 ; AðeAÞ55 ¼Rs23 ; AðeAÞ56 ¼w2R3;
AðeAÞ64 ¼2k2Rs213 ; AðeAÞ65 ¼2m2Rðs2þ1Þ3 ; AðeAÞ66 ¼~l: ðB-2Þ
Aðc0Þ11 ¼Ri11 ; Aðc0Þ12 ¼Ric1 ; Aðc0Þ13 ¼Ric1 ; Aðc0Þ21 ¼ i1Gð1Þr Ri111 ;
Aðc0Þ22 ¼icGðcÞr Ric11 ; Aðc0Þ23 ¼ icGðcÞr Rðicþ1Þ1 ; Aðc0Þ32 ¼Ric2 ;
Aðc0Þ33 ¼Ric2 ; Aðc0Þ34 ¼Ri22 ; Aðc0Þ35 ¼Ri22 ; Aðc0Þ42 ¼ icGðcÞr Ric12 ;
Aðc0Þ43 ¼icGðcÞr Rðicþ1Þ2 ; Aðc0Þ44 ¼i2Gð2Þr Ri212 ; Aðc0Þ45 ¼ i2Gð2Þr Rði2þ1Þ2 ;
Aðc0Þ54 ¼Ri23 ; Aðc0Þ55 ¼Ri23 ; Aðc0Þ56 ¼2R3; Aðc0Þ64 ¼ i2Gð2Þr Ri213 ;
Aðc0Þ65 ¼i2Gð2Þr Rði2þ1Þ3 ; Aðc0Þ66 ¼2~G: ðB-3Þ(ii) When the rough interface of saw-tooth proﬁle located
between two isotropic phases is concernedAðeT Þ11 ¼Rs11 ; AðeT Þ12 ¼F 1ðR1Þ; AðeT Þ13 ¼F 2ðR1Þ;
AðeT Þ21 ¼2k1Rs111 ; AðeT Þ22 ¼LðcÞ1111G1ðR1ÞLðcÞ1122
F 1ðR1Þ
R1
;
AðeT Þ23 ¼LðcÞ1111G2ðR1ÞLðcÞ1122
F 2ðR1Þ
R1
; AðeT Þ32 ¼F 1ðR2Þ;
AðeT Þ33 ¼F 2ðR2Þ; AðeT Þ34 ¼Rs22 ; AðeT Þ35 ¼Rs22 ;
AðeT Þ42 ¼LðcÞ1111G1ðR2ÞLðcÞ1122
F 1ðR2Þ
R2
; AðeT Þ44 ¼2k2Rs212 ;
AðeT Þ43 ¼LðcÞ1111G2ðR2ÞLðcÞ1122
F 2ðR2Þ
R2
; AðeT Þ45 ¼2m2Rðs2þ1Þ2 ;
AðeT Þ54 ¼Rs23 ; AðeT Þ55 ¼Rs23 ; AðeT Þ56 ¼R3; AðeT Þ64 ¼2k2Rs213 ;
AðeT Þ65 ¼2m2Rðs2þ1Þ3 ; AðeT Þ66 ¼2~k: ðB-4Þ
AðeAÞ11 ¼ Rs11 ; AðeAÞ12 ¼F 1ðR1Þ; AðeAÞ13 ¼F 2ðR1Þ; AðeAÞ16 ¼ ðw1  nÞR1;
AðeAÞ21 ¼ 2k1Rs111 ; AðeAÞ22 ¼LðcÞ1111G1ðR1Þ LðcÞ1122
F 1ðR1Þ
R1
;
AðeAÞ23 ¼LðcÞ1111G2ðR1Þ LðcÞ1122
F 2ðR1Þ
R1
;
AðeAÞ26 ¼ l1  nðLðcÞ1111 þLðcÞ1122Þ LðcÞ1133; AðeAÞ32 ¼F 1ðR2Þ;
AðeAÞ33 ¼ F 2ðR2Þ; AðeAÞ34 ¼Rs22 ; AðeAÞ35 ¼Rs22 ;
AðeAÞ36 ¼ ðnw2ÞR2; AðeAÞ42 ¼ LðcÞ1111G1ðR2Þ LðcÞ1122
F 1ðR2Þ
R2
;
AðeAÞ44 ¼2k2Rs212 ; AðeAÞ43 ¼LðcÞ1111G2ðR2Þ LðcÞ1122
F 2ðR2Þ
R2
;
AðeAÞ45 ¼ 2m2Rðs2þ1Þ2 ; AðeAÞ46 ¼ nðLðcÞ1111 þLðcÞ1122Þ þLðcÞ1133  l2;
AðeAÞ54 ¼ Rs23 ; AðeAÞ55 ¼ Rs23 ; AðeAÞ56 ¼w2R3; AðeAÞ64 ¼ 2k2Rs213 ;
AðeAÞ65 ¼2m2Rðs2þ1Þ3 ; AðeAÞ66 ¼~l: ðB-5Þ
Aðc0Þ11 ¼Ri11 ; Aðc0Þ12 ¼M1ðR1Þ; Aðc0Þ13 ¼M2ðR1Þ; Aðc0Þ21 ¼ i1Gð1Þr Ri111 ;
Aðc0Þ22 ¼LðcÞ1313N 1ðR1Þ; Aðc0Þ23 ¼LðcÞ1313N 2ðR1Þ; Aðc0Þ32 ¼M1ðR2Þ;
Aðc0Þ33 ¼M2ðR2Þ; Aðc0Þ34 ¼Ri22 ; Aðc0Þ35 ¼Ri22 ; Aðc0Þ42 ¼LðcÞ1313N 1ðR2Þ;
Aðc0Þ44 ¼i2Gð2Þr Ri212 ; Aðc0Þ43 ¼LðcÞ1313N 2ðR2Þ; Aðc0Þ45 ¼ i2Gð2Þr Rði2þ1Þ2 ;
Aðc0Þ54 ¼Ri23 ; Aðc0Þ55 ¼Ri23 ; Aðc0Þ56 ¼2R3; Aðc0Þ64 ¼ i2Gð2Þr Ri213 ;
Aðc0Þ65 ¼i2Gð2Þr Rði2þ1Þ3 ; Aðc0Þ66 ¼2~G: ðB-6ÞReferences
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